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Recently, a teleportation scheme using a two-mode squeezed state to teleport a photonic qubit, so called a
“hybrid” approach, has been suggested and experimentally demonstrated as a candidate to overcome the lim-
itations of all-optical quantum information processing. We find, however, that there exists the upper bound
of fidelity when teleporting a photonic qubit via a two-mode squeezed channel under a lossy environment.
The increase of photon loss decreases this bound, and teleportation better than this limit is impossible even when
the squeezing degree of the teleportation channel becomes infinity. Our result indicates that the hybrid scheme
can be valid for fault-tolerant quantum computing only when the photon loss rate can be suppressed under

a certain limit. © 2019 Chinese Laser Press

https://doi.org/10.1364/PRJ.7.0000A7

1. INTRODUCTION

Quantum teleportation is a protocol utilizing an entangled state
to transmit an unknown quantum state from one place to
another with the aid of a joint measurement and classical com-
munication [1]. It has enabled scientists to explore various ap-
plications for quantum information processing since it was first
proposed [1]. For example, quantum computation schemes
based on linear optics and photodetectors [2] are based on
the gate-teleportation protocol [3].

In the original quantum teleportation scheme [1] and its
implementation [4], two-qubit entanglement was used to tele-
port an unknown qubit. One of its crucial elements is the
Bell-state measurement that discriminates between four en-
tangled states called “Bell states.” In general, its implementation
is highly demanding so that only two of the Bell states can be
identified using linear optics and photodetectors [5]. As a re-
sult, the linear optic quantum computation scheme [2] suffers
heavy resource requirements and demanding error thresholds
[6,7]. There have been efforts to overcome this obstacle [8—11],
but other resource requirements such as added photons [8-10]
or squeezing operations [11] are unavoidable.

Another type of quantum teleportation was proposed
using continuous-variable (CV) states [12,13] that is also useful
for quantum computation [14,15]. It was implemented using a
two-mode squeezed state as a nonlocal channel to teleport
a coherent state of an unknown amplitude [16]. In this proto-
col, all measurement results are used, and teleportation with a
unit success probability is possible. However, its fidelity must
be limited because infinite squeezing, i.e., infinite energy, is
required to achieve unit fidelity.
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The idea of using continuous variable states for teleporting
photonic qubits was suggested in Refs. [17,18], and this
“hybrid” approach was experimentally demonstrated for the
purpose of efficient quantum information processing [19].
Here, the basic idea is to use the scheme for continuous-
variable teleportation [12] to teleport a “discrete” qubit for
quantum information processing. In this way, a qubit may
be teleported with 100% success probability with some loss
of fidelity. Remarkably, it was shown that fault-tolerant quan-
tum computing can be implemented based on this protocol
with two-mode squeezed states with 20.5 dB or larger squeez-
ing [20]. In Ref. [20], the authors considered only finite
squeezing but did not consider photon loss or detection inef-
ficiency that may affect this protocol. They commented that
“they are not expected to change the fundamental result, which
is the existence of some finite threshold.” However, the loss
effect may be more serious than expected because a two-mode
squeezed state becomes highly sensitive to photon loss when its
squeezing becomes large [21]. This is related to the fact that
a two-mode squeezed state becomes a macroscopic superposi-
tion that is intrinsically fragile when its squeezing is large [22].
It is thus not immediately clear whether and how much the
large initial squeezing can compensate for the photon loss
that occurs during the teleportation process to obtain a high
fidelity.

In this paper, we find the upper bound of the fidelity when
teleporting a photonic qubit via a two-mode squeezed channel
under a lossy environment. We employ an alternative formal-
ism expressed in terms of the discrete Fock basis to analyze
the hybrid teleportation under a lossy environment, which is
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different from the formalism introduced in Ref. [23] built upon
a pseudoprobability function such as the Wigner function. We
first derive a lossy teleportation operator applied to the input
state, which gives the output state of the teleportation process
via the two-mode squeezed state under photon loss, in analogy
to the one for the lossless case [24]. We then show the polari-
zation independence of the fidelity for single-photon qubit
teleportation notwithstanding holds from the properties of
the derived operator, and finally derive the closed form of the
transmission fidelity of the single-photon qubit teleportation
that can be applied to any input state. Our result indicates that
photon loss in the channel can be compensated for by increasing
the squeezing only to alimited extent, but there is a fundamental
fidelity limit that is attained with infinite initial entanglement.

2. QUANTUM TELEPORTATION WITH
A TWO-MODE SQUEEZED STATE

The initial idea of quantum teleportation with a continuous-
variable channel was proposed by Vaidman [13], where the
original Einstein—Podolsky—Rosen state [25] was employed
as the quantum channel. Braunstein and Kimble suggested
a feasible version of continuous-variable teleportation using a
two-mode squeezed state with finite squeezing [14] followed
by its first experimental demonstration by Furusawa ez al. [16].
Unlike the original teleportation protocol in the qubit space
[1,4], the continuous-variable scheme using a two-mode
squeezed state enables one to teleport an arbitrary state includ-
ing qubits and continuous-variable states.

Before introducing a generalized formulation, we briefly
review the teleportation operator formulation introduced in
Ref. [26]. In quantum teleportation, input system A and refer-
ence system R undergo a projective measurement onto the set
of quantum states that can be written in the photon number
basis

1B ar = ZDA(ﬂ)|”r ) AR> (1)
where D(f) = exp(Ba’ - p*a) is the displacement operator
with complex number f. The reference system R is entangled
with output system B in the two-mode squeezed state, which
may be written as

Drs=1\/1-¢ Zq”ln, n) R B- 2
n=0

In this setting, provided input state |y), of system A, the
state of system B after the measurement with an outcome
corresponding to f can be expressed as

> ) p(nlaDs-B)lw)s (3)

4 n=0

Now, in the scheme analyzed in Ref. [26], upon receiving
the measurement outcome f, the receiver displaces the state
by g, where the ¢ factor is called the gain, which can be chosen
freely or can be optimized to maximize the transmission fidelity.
The overall teleportation scheme can be expressed compactly

as [26]

Wou))s = T5(B)w)a, 4)

where
2
T5(p) = \/ Zq"DB(gﬂn Vp(nlaDa(-p). ()

3. MAIN RESULT

A. Lossy Teleportation Operator

The transfer operator defined in the previous section, however,
works only in the case of a lossless channel. In a practical sit-
uation, the channel system should travel for a long distance
between Alice and Bob, and thus unavoidably suffers from pho-
ton loss. For the sake of simplicity, we assume symmetric loss
for both ends of the two-mode squeezed state. It should be
noted that this is not a generic case in a realistic setting.
However, the analysis of the symmetric loss yields a useful
benchmark in an analytic form that can be helpful for the
analysis of an arbitrary loss model. This kind of photon loss
can be modelled as a quantum map applied to the two-mode
squeezed state |g) 45 as

Trg, i, (U3, USE, ) glas ®100)(001:, 2, U UBST ), @)

where |0) is the vacuum state and UL = exp[in(?zi?zz + Zzlfz;)]
is the beam splitter operator on systems 1 and 2 with the
reflectance 7 = sin 57 and the transmittance # = cos #. The
two-mode squeezed channel can then be expressed as the fol-
lowing density matrix in a photon number basis:

n
Dl = (1 _qz)z Z [.nmqun+mt2(mfn)+2(/e+/) FAn=2(k+1)

am =
max{0,7-m}

x |kl (m=n—+k,m-n+1|, )

where ¢, is a coefficient given as

wr = [(DDGIG) @

with binomial coefficients (Z) — l/[F(n - B))].

If one tries to teleport an input state |y) using the same
process for the lossless case, one obtains the output state

P Bout CB) = DB (gﬁ) <ﬂ|AR ( | l//) <I/I|A ® q)RB,channel) |ﬂ)ARbB'
(©)

Using this result, one can adapt the teleportation operator for-
mulation to this lossy environment to define the lossy telepor-
tation operator, which depends on the measurement outcome
and the photon loss number on each mode, £ and / as follows:

T/e/(ﬁ) / Z q ( )( )l.Zn(/e-H)r/e-H
/

n=max(k, [)
x b(gﬂ)|ﬂ - 1)(n - k|D(-p), (10)

so that the output state can be expressed concisely as

> TuPBlw) ! TP (11)

k,[=0

Pouc(B) =
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One can easily check that this lossy teleportation operator is a
Kraus operator by showing that
0

k, =0

/ &5 T Tulp) = 1. (12)

B. Teleportation Fidelity

This approach has the advantage that it simplifies the calcula-
tion of the average transmission fidelity by enabling one to
carry out an integration for each photon loss number case
[corresponding to each different pair of (4,/)] and simply
sum them as

F=Yru=3 [ w03
kyl byl

where |y) is the input state of teleportation.

Using the closed form derived in Appendix A, one can
calculate the transmission fidelity of the simplest case of the
vacuum state |y) = |0) as

1- q2
(1+¢)01- qzrz) - 2g9(1 - )’

We note that the lossless fidelity derived in Ref. [26] is recov-
ered when » = 0 as follows:

FO—)O = (1 4)

1-4%

perfect

== 15
0—-0 1_2gq+g2 ( )

The transmission fidelity of the one-photon state (Jy) = |1)) is
more complicated, but it can still be expressed in a closed form
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1- qz
(1- 727’4)2 [(1 +g2)(1 _ qzrz) _ 2gqt2]3
x{g{q*((g - 9> + (1 - g9)*13 + 4*r*)
+2(g- (1 -gg)(1 + 34>} + )*
x (1-¢°r) - 2gq7°]
+ (14 )+ g (A - 4°7) - 2¢9°)
+2[1-g9+ g7 (@g-pFPlg- g+ a7 (1 -gl},

(16)

F1—>1 =

where #2 = 1 - 7. We note again that the lossless transmission
fidelity can be obtained by setting » = 0 as follows:
2

perfect __
F 1-1

- (l_zlg_ﬁ[(g -9 (1-g9)* + g (1-4°))
(17)

Now, if one tries to teleport a horizontally polarized input state,
which can be written as a product state in two orthogonal
polarization modes |H) = |1) 4|0}, one can implement the
teleportation for this dual rail qubit by simply running the
single-mode teleportation process for each mode [26]. Of
course, this requires the same setting for the two teleportation
processes, but this assumption is acceptable when the two proc-
esses are implemented successively in a short period of time.
Since it is equivalent to carry out two independent teleportation
processes, the overall average fidelity is simply a product of each

mode’s fidelity
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Fig. 1.

Fidelity change over the gain value g between -2 and 2 with a varying amount of losses in the two-mode squeezed state.
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Fig. 2. Fidelity curves over the gain value ¢ between -2 and 2 changing as the loss rate 72 increases.

Fqubit = Fooo 1o (18)
Some results are plotted in Figs. 1 and 2. However, as we show
in Appendix B, the overall fidelity g, does not depend on
the polarization of the input state, so we can see that Eq. (18) is
the average transmission fidelity for an arbitrary single-photon
input. This rather interesting property may be understood from
the comparison with the typical quantum teleportation scheme
for a qubit. In the usual scheme, the sender sends two bits of
classical information generated from a Bell measurement that
can be interpreted as encoding amplitude and phase informa-
tion for a given basis. The choice of the basis is, however,
independent from the eigenbasis of the given input. A pair
of complex numbers # generated from the pair of independent
CV teleportation protocols is analogous to the pair of bits in the
quantum teleportation scheme for a qubit.

Figure 3 shows the average overall fidelity # gy, with opti-
mal gain g, over the loss expressed as the reflectivity 7 of the
beam splitter modelling the photon loss of the channel for each
squeezing parameter g. In the region of Fyyp,; > 2/3, where the
fidelity is higher than the limit of the classical teleportation so
that the quantum teleportation is meaningful, the stronger the
initial squeezing of the channel, the higher the average fidelity.
This seems at first to contradict the previous result of Ref. [21],

Fidelity
1.
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= q=0.96 (16.9dB)
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Fig. 3. Transmission fidelity of a photonic qubit with numerically
optimized gains. Here, ¢ is the squeezing parameter of the initial two-
mode squeezed state; the maximum fidelity curve is numerically ob-
tained and plotted with the thick dashed curve, and that of g = 1 is
plotted with the thin dotted curve. It is impossible to attain fidelity
higher than the classical limit (horizontal dotted line) with loss bigger
than about 11%.

that stronger initial squeezing makes the channel more vulner-
able to the thermal loss. However, one can still observe that
the inversion in order indeed happens around the region of
Fqupic ® 0.35, although it is practically meaningless since it
happens in the region where classical teleportation is better
than quantum teleportation.

It is interesting to compare this result with the behavior of
the log negativity [27] of the Gaussian state [28], which has
good properties such as monotonicity under local operations
and classical communications [29] and being an upper bound
of the distillable entanglement [30]. The log negativity £,/ of a
Gaussian state p can be obtained as

Ey(p) = max{0, -In[Z_(p)]}, (19)

where 7_(p) is the smaller symplectic eigenvalue of p, and is
explicitly given for the state @, 0 as

U_(p) = (1 - R) cosh(2 artanh ¢)

+ R - (1-"R)sinh(2artanh g), (20)

where R = 7% is the reflectivity of the beam splitter modelling
the photon loss. The log negativity of ®g,na is plotted
in Fig. 4.

The figure shows that the higher initial squeezing strictly
guarantees the higher entanglement regardless of the amount
of photon loss in the channel, although by no means is the
log negativity the unique measure of entanglement. This result
is obviously different from the cases of quantum macroscopicity

Log Negativity
4
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H q=0.92 (13.8dB)
m q=0.96 (16.9dB)

. . . . 2
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 4. Log negativity of the two-mode squeezed state in terms of
the loss rate 72. On the contrary to the fidelity, there is no inversion in
order with increasing loss.
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and Bell-type nonlocality for Gaussian CV states that are
destroyed faster under lossy environments when their initial
squeezing is larger. It suggests that the vulnerability of perfor-
mance of tasks exploiting the nonlocality of the two-mode
squeezed state with strong squeezing is not because of its rapid
decay of entanglement.

In the aspect of the implementation of the teleportation
scheme, in the region where the fidelity is higher than the
classical limit, 2/3, one may be able to compensate for the det-
rimental effect from photon loss to some extent by increasing
the initial squeezing. However, there is a fundamental upper
bound to this as shown in Fig. 3. In the region of Fy; > 2/3
with nonzero loss, even infinite initial squeezing does not allow
unit fidelity. One can explicitly calculate this upper bound as a
function of the reflectance R by substituting ¢ and g
with 1 in Eq. (18) as

14+ R?
1+ Ry
By solving the equation F,_,_;(R) = 2/3, one can find the

biggest loss R, with which one can attain fidelity higher
than the classical limit as

R

Fq:g—»l(R) = (21)

classic ~ 0.11. (22)

This implies that even if the loss rate of the optical cable for the
two-mode squeezed state is 0.1 dB/km, after traveling more
than 12 km, it cannot be used to implement the teleportation
scheme. It should be noted that this limitation cannot be cir-
cumvented by increasing the initial entanglement, since this
bound is attained with the infinitely entangled initial state.

There have been studies on photon loss thresholds that can
be tolerated by various all-optical quantum computing schemes
[6,7,31-34]. Our result implies that the hybrid scheme can be
valid for fault-tolerant quantum computing only when the pho-
ton loss rate can be suppressed under a certain limit. In order
to obtain 99% (99.8%) fidelity for teleportation with infinite
squeezing, the photon loss rate should be under 0.252%
(0.050%). Of course, it is extremely challenging to generate a
pure squeezed state without noise and large squeezing over
13 dB [35]. We may consider reasonable levels of squeezing
for practical realizations in the foreseeable future. For example,
with 20 dB squeezing, the photon loss rate should be under
0.6% to obtain 95% fidelity for teleportation, and the maxi-
mum fidelity without loss is only 97%.

One of the side effects when deploying the CV teleportation
protocol for a qubit is the leakage problem, i.e., the presence of
nonzero amplitudes of multiphoton terms in the output state
of teleportation. One may circumvent this problem by projec-
ting the output state onto the qubit subspace, i.e., the subspace
of the Fock space spanned by |0) and |1) [19]. However, this
contradicts the merit of the hybrid teleportation scheme that
it is deterministic [19], which is considered an advantage
compared to the nondeterministic Bell-measurement-based
teleportation [5]. Moreover, such post-selection requires a non-
trivial quantum nondemolition measurement that filters out
multiphoton states (i.e., |2),|3),...), while it leaves zero- or
one-photon states untouched. This implies that although it is
possible to detect the leakage error, its correction is hard.
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Even though this technical problem might be overcome, a
high teleportation fidelity (for example, around 0.9 with 20%
photon loss after an appropriate post-selection [23]) could be
obtained only at the cost of a formidably low success probabil-
ity (up to 60%, even with a lossless squeezed state resource with
17 dB squeezing) that is far from being “nearly deterministic”
[23]. Such figures may be deemed misleading considering the
purpose of the hybrid teleportation scheme. In this sense, the
average fidelity calculated here has its own operational meaning
as the output fidelity without any filtering or post-selection, in
comparison to the hypothetical post-selected output fidelity.

4. REMARKS

The schemes for all-optical quantum computation using photonic
qubits typically suffer from limited fault-tolerance limits due to
the nondeterministic nature of gate teleportation operations [5,7].
As an alternative approach, a hybrid teleportation scheme that
is to teleport a photonic qubit via a continuous-variable channel
has been suggested and experimentally demonstrated [19]. In
this way, a qubit can be teleported deterministically, and the
fidelity can be made arbitrarily high by increasing the degree
of squeezing for the continuous-variable channel. It is, however,
also true that a small amount of photon loss may significantly
degrade the teleportation fidelity in the limit of large squeezing
because largely squeezed states have essential properties of mac-
roscopic superpositions [21]. We thus find the upper bound of
the fidelity when teleporting a photonic qubit via a two-mode
squeezed channel under a lossy environment. Indeed, when
squeezing is large, the teleportation fidelity rapidly degrades.
The increase of photon loss decreases this bound, and tele-
portation better than this limit is impossible even when the
squeezing degree of the teleportation channel becomes infinity.
Our result indicates that the hybrid scheme can be valid for
fault-tolerant quantum computing only when the photon loss
rate can be suppressed under a certain limit.

APPENDIX A: DERIVATION OF THE CLOSED
FORM OF FIDELITY

For more general purposes, we derive a closed form of the
following series expression:

oo min(n, m)
n\(m\(n+m-k-=1\ o0
X, 2 W) (e

n,m=0 k, /=0
(A1)

One can observe that this expression immediately gives the
fidelity of the vacuum state by the substitution

7\ 2 B
(A2)

Now Eq. (A1) can be rewritten as an integral expression

l/oo d)’/ e BWTHVACH (T4 ADR) g A s®) ool
7Jo c

2
A=p=2T_
1+g¢

(A3)

which includes a simple Gaussian integration with respect to the
variable x. This integral expression yields a closed form as follows:
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1-A-B-A*C-B*D-ABCD’
Now the transmission fidelity of one photon can be expressed in
the integral form

_-g)+g) [ 2] £ "
Fi_, = p A dy/Cd [f (e, x*, )

, e—yﬁ(ﬁ+ﬁ3x)(ﬂ-&-ﬂCx*)e«/A—y(Xﬂ*)e—\XIZ]’ (A5)

(A4)

where
=l 0g) (-2
+ [A(ﬁ+ VABx) - . fgz}
bl aze) -]
x («/Zx_r*/);z) (ﬂx* _f:__fg)'z) A6

By using the following relation repeatedly in the calculation of
the integral expression, one can also obtain a closed form of the

ﬁdehty Fl—>1:
1
f/ d2x x5 exp(-alx|® + byx + byx™)
T Jc

10" 0" by b,
=———9b — ). A7
a ob} oby 26Xp< a ) (A7)

APPENDIX B: POLARIZATION INDEPENDENCE
OF THE TRANSMISSION FIDELITY IN A LOSSY
CHANNEL

A proof of this fact was first given in Ref. [23], but the proof
given here follows the logic of the one given in Ref. [20]
adapted for the lossy channel. The term “polarization” used
here does not necessarily mean the polarization in two indepen-
dent oscillation modes of the electric field but is used to refer
to coherence between two arbitrarily chosen modes sharing one
photon between them. In other words, we chose a state

|H) = [1)#10)y (B1)

with its complementary orthogonal state |V) = |0)y4|1) as
an input state in the main article, but one may also use

1S) = culH) + cv|V), (B2)
A+t =1, (B3)

where we can set ¢z as a real number since the global phase
factor has no physical significance, and also ¢y, because if ¢}
is not real, then one can define a new | V) = % [0)7]1) . Since
we have freedom of choice of the orthogonal complement state
to |S), just as | V) was an orthogonal complement state to |H),
we define |P) = ¢y |H) - c¢y|V') as an orthogonal complement
state to |S). Let U be a unitary transformation between two
modes as follows:

Ual, 1)U = 4} @ 1,
U1y ®4)U" =15 @ a). (B4)

U defined in this way has a property that it has the same effects
A hy

on 4y, and ZzJ{/ with U" as
U'(a); 1)U = 4} ® 1,
Uy ®a,)U =15 @ a). (B5)

The fidelity for the |S) input can be written as

Fase= 3 [ @Ou B0 T b ) DL

kl, mn
(B6)

where fkl,mn(ﬁH’ ﬂV) = j\_v/e/(ﬂH) ® j\_vmn(ﬁV)' Now follow-

ing the original proof, we identify the teleportation operator

T4/(B) for p =0 as follows:

_ 2 (rs\k A
- (w% (rzqv(f“ﬁ), (B7)

where f(72) is understood as Y % f(n)|n)(n|. The connec-
tion to the teleportation operator for the lossless case can be
found as

(@ +gP)]* [req@’ +gp")]!
N Vi

Now we rewrite the fidelity in terms of superoperators as

Tup) =

75,0 (©8)

Fupic = /dzﬂHdZﬂV(Hllﬂ o HEn-@Pr)+Ev-(ghy)]
° e”q[£H+(gﬁH)+5V+(g/fv)] ° szq(/}H5ﬂV)

cU(|H)(H|)IH), (B9)

where U(p) = UpU" is the polarization rotation unitary trans-
form, Ex.(a)(p) = (@ + a*)p(ay + ) and Ex_(a)(p) =
(ax + a)p(ay + a*) are displaced photon creation/annihilation
y fmd TP B (p) = T4(Br) ® T5(By)p -
T4(Bu)" ® 1%(By)" is the lossless teleportation operator. From
Ref. [26], it is known that U™ o T5(By, fv) o U = T5(Bs, Bp)s

where

operations,

s = cuPu + cvPvs
Br = cvPu - cuPv- (B10)

Now we are going to prove that

Ut o eﬂ[EHi(ﬁH)J"gVi(/jV)] U = eﬂlfyi(/fs)"rgvﬂﬁp)]' (B11)

To show this, it is sufficient to prove that

U o [Eys(Br) + Eva(B)] o U = [Epr(Bs) + Evi(Pp)],
(B12)

which holds because for any state p,
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U e [Eny Br) + Evi(By)] e Us(p)
= U'l(@j}; + Bi) Up U' G + Br) + @ + BY)
x Up U'(ay + py)IU
= (ently + eyl + Bip(eniy + evay + Br)
+ (cyayy, - culy + Pi)p(eviy - cyity + Pv)
= (@} + cuByy + cvByIPlay + cuby + cvBy)
+ @) + cvPly - cuBiIp(ay + cvBr - cubv)
= [Ex1 (Bs) + Ev i (Bp)](p), (B13)

and a similar equation holds for the case of £y (fr) +
Ey_(By). Now we can rewrite Eq. (B9) as

Fo = / 8By d2 By (H| P60 )
o e DI L o T (B pr) (H)HDIH).
(B14)

However, by changing the integration variables from {f, f\/}
to {fs,Pp}, one can see that it is the transmission fidelity of
state |H).
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